
Solution Set: Artificial Neural Networks 

1. a) If 𝑗 is an output unit 𝑘, then 𝛿𝑘 = 𝜕𝐸𝑛(𝒘)
𝜕𝑏𝑘

   where 𝑏𝑘 is the activation for unit 𝑘. 

𝐸𝑛(𝒘) =
1
2
�(𝑓𝑘(𝑥𝑛) − 𝑡𝑛𝑘)2
𝐾

𝑘=1

 

=
1
2
�(𝑏𝑘 − 𝑡𝑛𝑘)2
𝐾

𝑘=1

 

 

⟹ 𝜕𝐸𝑛(𝒘)
𝜕𝑏𝑘

= 1
2
𝜕(𝑏𝑘−𝑡𝑛𝑘)2

𝜕𝑏𝑘
= 𝑏𝑘 − 𝑡𝑛𝑘 = 𝑓𝑘(𝑥𝑛)− 𝑡𝑛𝑘. 

⟹ 𝛿𝑘 = 𝑓𝑘(𝑥𝑛) − 𝑡𝑛𝑘. 
 

b) If 𝑗 is an output unit 𝑘, then 𝛿𝑘 = 𝜕𝐸𝑛(𝒘)
𝜕𝑏𝑘

  where 𝑏𝑘 is the activation for unit 𝑘. 

𝐸𝑛(𝒘) = −�[𝑡𝑛𝑘 log𝑓𝑘(𝑥𝑛) + (1 − 𝑡𝑛𝑘) log(1 − 𝑓𝑘(𝑥𝑛))]
𝐾

𝑘=1

 

= −�[𝑡𝑛𝑘 log𝜎(𝑏𝑘) + (1 − 𝑡𝑛𝑘) log(1 − 𝜎(𝑏𝑘))]
𝐾

𝑘=1

 

 
⟹ 𝜕𝐸𝑛(𝒘)

𝜕𝑏𝑘
= −𝜕[𝑡𝑛𝑘 log𝜎(𝑏𝑘)+(1−𝑡𝑛𝑘) log(1−𝜎(𝑏𝑘))]

𝜕𝑏𝑘
 

= −[𝑡𝑛𝑘
1

𝜎(𝑏𝑘)
∙ 𝜎′(𝑏𝑘) + (1 − 𝑡𝑛𝑘) ∙

1
1 − 𝜎(𝑏𝑘)

∙ (−𝜎′(𝑏𝑘))] 

 = −[𝑡𝑛𝑘
1

𝜎(𝑏𝑘) ∙ 𝜎
(𝑏𝑘)(1− 𝜎(𝑏𝑘)) + (1 − 𝑡𝑛𝑘) ∙

1
1 − 𝜎(𝑏𝑘) ∙ (−𝜎(𝑏𝑘) ∙ (1 − 𝜎(𝑏𝑘))] 

         because 𝜎′ = 𝜎(1 − 𝜎) 
 

= −[𝑡𝑛𝑘�1− 𝜎(𝑏𝑘)� + (1 − 𝑡𝑛𝑘)(−𝜎(𝑏𝑘))] 
 

= −[𝑡𝑛𝑘 − 𝜎(𝑏𝑘)] 
= 𝜎(𝑏𝑘) − 𝑡𝑛𝑘 
= 𝑓𝑘(𝑥𝑛) − 𝑡𝑛𝑘 

 

⟹ 𝛿𝑘 = 𝑓𝑘(𝑥𝑛) − 𝑡𝑛𝑘. 

 

 

 



c) 𝐸𝑛(𝒘) = −∑ 𝑡𝑛𝑘 log 𝑓𝑘(𝑥𝑛)𝐾
𝑘=1  

= −�𝑡𝑛𝑘 log�
𝑒𝑏𝑘

∑ 𝑒𝑏𝑖𝐾
𝑖=1

�
𝐾

𝑘=1

 

⟹ 𝜕𝐸𝑛(𝒘)
𝜕𝑏𝑘

=
𝜕�−∑ 𝑡𝑛𝑗 log�

𝑒𝑏𝑗

∑ 𝑒𝑏𝑖𝐾
𝑖=1

�𝐾
𝑗=1 �

𝜕𝑏𝑘
 

= −�𝑡𝑛𝑗
𝑗≠𝑘

𝜕 log� 𝑒𝑏𝑗
∑ 𝑒𝑏𝑖𝐾
𝑖=1

�

𝜕𝑏𝑘
− 𝑡𝑛𝑘

𝜕 log� 𝑒𝑏𝑘
∑ 𝑒𝑏𝑖𝐾
𝑖=1

�

𝜕𝑏𝑘
 

= −�𝑡𝑛𝑗
𝑗≠𝑘

1
𝑓𝑗(𝑥𝑛)

∙ �−𝑓𝑘(𝑥𝑛)𝑓𝑗(𝑥𝑛)� − 𝑡𝑛𝑘 ∙
1

𝑓𝑘(𝑥𝑛)
∙ 𝑓𝑘(𝑥𝑛)(1− 𝑓𝑘(𝑥𝑛)) 

= −�𝑡𝑛𝑗
𝑗≠𝑘

�−𝑓𝑘(𝑥𝑛)� − 𝑡𝑛𝑘(1− 𝑓𝑘(𝑥𝑛)) 

= 𝑓𝑘(𝑥𝑛)�𝑡𝑛𝑗
𝑗≠𝑘

+ 𝑡𝑛𝑘𝑓𝑘(𝑥𝑛) − 𝑡𝑛𝑘 

= 𝑓𝑘(𝑥𝑛)�𝑡𝑛𝑗
𝑗

− 𝑡𝑛𝑘 

= 𝑓𝑘(𝑥𝑛) − 𝑡𝑛𝑘    because ∑ 𝑡𝑛𝑗𝑗 = 1 

⟹ 𝛿𝑘 = 𝑓𝑘(𝑥𝑛) − 𝑡𝑛𝑘 

 

2. a) If 𝑗 is an output unit 𝑘, then  𝛿𝑘 = 𝜕𝐸𝑛(𝒘)
𝜕𝑏𝑘

  where 𝑏𝑘 is the activation for unit 𝑘.  From problem 

1, we already know 𝛿𝑘 = 𝑓𝑘(𝑥𝑛)− 𝑡𝑛𝑘 
⟹ 𝛿𝑘 = 𝑏𝑘 − 𝑡𝑛𝑘. 
 
If 𝑗 is a hidden unit, then (by the backpropagation equations), 
 
 𝛿𝑗 = ℎ′(𝑎𝑗)∑ 𝑤𝑘𝑗𝛿𝑘𝑘   where 𝑘 runs over all non-bias units in the layer after the layer for unit 𝑗. 

 
= ℎ(𝑎𝑗)(1 − ℎ�𝑎𝑗�)∑ 𝑤𝑘𝑗𝛿𝑘𝑘   because ℎ′ = ℎ(1 − ℎ). 
 

b) 𝜕𝐸𝑛(𝒘)
𝜕𝑤𝑗𝑖

= 𝛿𝑗𝑧𝑖   where 𝑧𝑖  is the value for unit 𝑖 in the input layer. 



Since 𝑗 is a hidden unit, 𝛿𝑗 = ℎ(𝑎𝑗)(1 − ℎ�𝑎𝑗�)∑ 𝑤𝑘𝑗𝛿𝑘𝑘 . 

c) 𝜕𝐸𝑛(𝒘)
𝜕𝑤𝑘𝑗

= 𝛿𝑘𝑧𝑗  where 𝑧𝑗 is the value for unit 𝑗 in the hidden layer. 

Since 𝑘 is an output unit, 

 𝛿𝑘 = 𝑓𝑘(𝑥𝑛) − 𝑡𝑛𝑘 

                     = 𝑏𝑘 − 𝑡𝑛𝑘  where 𝑏𝑘 is the activation for unit 𝑘. 

 

 


