Solution Set: Maximal Margin Classifier

1. Our convex optimization problem takes the form:
(rzzné;rgﬂzgg f(Bo, b1, B2) given the constraint g; (8o, $1,B2) < 0 fori =1,2,3

where f(Bo, B1, 82) = 5 IB1I?
and g;(Bo, B1,B2) = 1 —yi(Bo + B1xi1 + B2x;2) fori=1,2,3

So g1=1—(Bo+B1+B2)

g2 =1+ (Bo+ 2B, +3B2)
gs =1+ (Bo+3B1+B2)

The dual Lagrangian is given by Ly (x, @) = Yi_; a; — %21-3:1 213-:1 al-ajyiijiij.
So Lp(x, @) = (a; + a, + az) —%[20(12 + 13a? + 10a? — 10a,a, — 8a a3 + 18a,a3]

We want to maximize Lp (x, @) subject to the constraints ¢; = 0 Vi and a;y; + a,y, + azyz = 0. That
is, weneed a; 20Vianda; — a, — a3z = 0. Using a; = a, + az, rewrite L, as follows:

1
Lp = 2(a, + az) — 5 [2(ap + a3)? + 13a2 + 10aZ — 10(ay + a3)a, — 8(ay + az)as + 18a,a3]
Simplifying, we get

1
Lp = 2(ay + az) — > [5a2 + 4aya; + 4a?]

So we want to maximize Lp subject to the constraints @, = 0 and a3 = 0.

So we’re maximizing L on the positive orthant a, = 0,a3 = 0:



/

Let’s look for any critical points in the interior of the positive orthant by setting VL, = 0.

oL 1
oL, 1
Setting VL, =0 = S5a, + 2a3 =2
2“2 + 4“3 = 2
= a, = %and az = %

1 3). . o . : s

So (Z’E) is a critical point in the interior of the positive orthant.
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Using the second derivative test, we can show that L, («) has a local max at (Z’E)' However, a local

max of a concave function on a convex set is a global max. Lp (a5, a3) is a concave function and the



positive orthant E = {(a,, @3)|a,, @3 = 0} is convex. Hence, Lp(a,, a3) has a global max on E.
Lp(aq, @y, a3) has a global max at (a4, a3, a3) over the set

F = {(al, az,a3)|0(1 = 0(2 + ag,az = 0, a3 = 0}

if and only if L (a5, a3) has a global max at (a5, a3) over the set E. It follows that Ly (a4, @5, @3) has a
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global max at (E’Z’E)' (al =a,+ a3 _Z+§ __)
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1

= Br=-1B=~3
By complementary slackness, ai(l —yi(Bo + Bixi1 + ﬂle-z)) =0Vi
Fori = 1,weget§(1 —(Bo+Pi+PB))=0

=  1-(B+(-1)-3)=0

= Bo=
= Bo=

B =-1

b2 =3

Our hyperplane is given by 8y + 1 X1 + B,X, = 0.

So we haveg—Xl—%Xz =0

= X2=_2X1+5



Since a4, a,, a3 are all nonzero, we have that each x; satisfies y; (8 + f1xi1 + B2xiz) = 1. Hence,

X1, X5, X3 all lie on the margin and are, therefore, support vectors.

2. Our convex optimization problem takes the form:
minimize g BB given the constraint g;(8y, 81, 8,) <0 fori =1,2,3,4

(Bo.B)ER?
where f(Bo, By, B2) = 5 IIBII? and
9i(Bo, B1,B2) =1 —yi(Bo + Brxiz + Boxiz) fori=1,2,3,4

So g1=1—-(Bo +B1+B2)
g2 =1+ (Bo+ 21 +3B2)
g3 =1+ (Bo+ 3By +B2)
ga=1—(Bo +2B2)

The dual Lagrangian is given by Ly (x, @) = Y, a; — %Z?=1 Z;Ll al-ajyiijiij.

SoLp(x,a) = (a; + ay + az + ay) —%[20(12 + 13a3 + 10a? + 4a? — 10a,a, — 8ayaz + 4ajay +

18a,a3 — 120,04 — 4azay]



We want to maximize Lp (x, @) subject to the constraints a; = 0V iand a y; + @y, + azys + a4y, =
0. Thatis,weneed a; 2 0Vianda; —a, — a3z +a, = 0. Using a; = a, + a3 — ay, rewrite Lp as
follows:

1
Lp = 2(a; + az) — 5 [2(ay + a5 — ay)? + 13a3 + 10a3 + 4aZ — 10(ay + a3 — ay)a, — 8(ay + az
—ag)az +4(a; + az; —ag)a, + 18aa3 — 12a,a, — 4azay]
Simplifying, we get
Lo 2 2 2
LD = 2(“2 + a’3) - E [5“2 + 4(13 + 2(14 + 4(12(13 - 20!20!4 + 4’0!30!4]

So we want to maximize L subject to the constraints a,, a3, ay = 0.
So we’re maximizing L on the positive orthant a,, a3, a4 = 0.

Let’s look for any critical points in the interior of the positive orthant by setting VL, = 0.

o _ 5 5ay—2

—=2-5a;, - 23—«

da, 2 3 4

b _ 5 4ay— 20,2

— =2—4a3 - 2a, - 2a

a5 3 2 4

o _ eyt ay—2

— = —-2a4+a, —2a

da, 4 2 3

Setting VL, =0 = —5a, — 203 —a, = —2
—20(2 - 4’0!3 - 2(14_ = _2
a2—2a3—20(4=0

The solution to this system is a, = %, a3 = g, ay =— % However, since a, is negative, this solution

is not in the interior of the positive orthant.
We need to check the boundaries a;, = 0,a3 = 0,and a, = 0.
On a, = 0, there are no critical points in the interior of the face a, = 0.

On az = 0, Lp has alocal max at (a,, @,) = (%,%) relative to the boundary a; = 0,a, = 0,a, = 0.

The value of L, at (a,, a,) = (%,%) is %‘



Ona, = 0, Lp has alocal max at (a,, a3) = (4 ) relative to the boundary a, = 0, a,, a3 = 0. The
value of L, at (a,, a3) = G Z) 1sE

Sinceg > %, the candidate for the global max is G, %, 0). In fact, we can show that, for a fixed a,, the

local max value relative to the plane [, = {(a;, a3, a4) |oc2, a3 = 0} decreases as a, increases. (The

local max occurs at (a,, a3) = (l > a“) and Lp = (a4 + a,) there.)

4’8
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Therefore, there is a global max at (Z’E’ O).

Lp(a,, as, a,) has a global max at (a,, as, a,) over the positive orthant {(a,, a3, as)|az, a3, a, = 0}
ifand only if Lp (a4, a3, @3, @4) has a global max at (a4, a3, a3, a,) over the set

{(an, az, a3, )|y = ay + a3 —ay,a; =2 0,a3 = 0,a, = 0}.
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It follows that L (a4, a3, a3, a4) has a global max at (g,—,g, 0).

(a1=a2+a3_a’4=%+%—0=§)

-1
B = Z a;yixi = [3] _[ ] - [_l]
2
1
= Br=-1B=—3
By complementary slackness, a;(1 — y; (B + B1xi1 + B2xiz)) =0V i
Fori = 1,weget§(1 —(Bo+Pi+PB))=0

=  1-(B+(-1)-3)=0

= .30=§
= .30=§
pr=-1
,32__%



Since a4, a,, a3 are all nonzero, we have that x;, x,, x3 satisfy y; (Bg + f1x;1 + B2xi2) = 1. Hence,
X1,%5,x3 lie on the margin and are, therefore, support vectors. Notice that our hyperplane is exactly
the same line we got for problem 1.



