
Solution Set: Support Vector Classifier 

1. Our convex optimization problem takes the form: 
     𝑓(𝛽0,𝛽1,𝛽2, 𝜀1, 𝜀2, 𝜀3, 𝜀4)(𝛽0,𝛽,𝜀)∈ℝ7

𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑒   given the constraint 

 𝑔𝑖(𝛽0,𝛽, 𝜀) ≤ 0  for 𝑖 = 1, 2, 3, 4 

and ℎ𝑖(𝛽0,𝛽, 𝜀) ≤ 0 for 𝑖 = 1, 2, 3, 4 

where (𝛽0,𝛽, 𝜀) = 1
2
‖𝛽‖2 + 𝐶 ∑ 𝜀𝑖4

𝑖=1  , 

  𝑔𝑖(𝛽0,𝛽, 𝜀) = 1 − 𝜀𝑖 − 𝑦𝑖(𝛽0 + 𝛽1𝑥𝑖1 + 𝛽2𝑥𝑖2)  for = 1, 2, 3, 4 , 
 and ℎ𝑖(𝛽0,𝛽, 𝜀) = −𝜀𝑖 for 𝑖 = 1, 2, 3, 4 
 
So  𝑔1 = 1 − 𝜀1 + (𝛽0) 

𝑔2 = 1 − 𝜀2 + (𝛽0 + 𝛽2) 
𝑔3 = 1 − 𝜀3 − (𝛽0 − 𝛽1) 
𝑔4 = 1 − 𝜀4 − (𝛽0 + 𝛽1) 
ℎ1 = −𝜀1 
ℎ2 = −𝜀2 
ℎ3 = −𝜀3 
ℎ4 = −𝜀4. 

The dual Lagrangian is given by 𝐿𝐷( 𝛼) = ∑ 𝛼𝑖4
𝑖=1 − 1

2
∑ ∑ 𝛼𝑖𝛼𝑗𝑦𝑖𝑦𝑗𝑥𝑖𝑇𝑥𝑗.4

𝑗=1
4
𝑖=1  

So 𝐿𝐷(𝑥,𝛼) = (𝛼1 + 𝛼2 + 𝛼3 + 𝛼4)− 1
2

[𝛼22 + 𝛼32 + 𝛼42 − 2𝛼3𝛼4] 

We want to maximize 𝐿𝐷(𝛼) subject to the constraints 0 ≤ 𝛼𝑖 ≤ 𝐶 ∀ 𝑖 and 𝛼1𝑦1 + 𝛼2𝑦2 + 𝛼3𝑦3 +
𝛼4𝑦4 = 0.  That is, we need   0 ≤ 𝛼𝑖 ≤ 𝐶 ∀ 𝑖 and −𝛼1 − 𝛼2 + 𝛼3 + 𝛼4 = 0.  These constraints give us a 
four-dimensional plane in the positive box 0 ≤ 𝛼𝑖 ≤ 𝐶 ∀ 𝑖.   

Let 𝐻 = {(𝛼1, … ,𝛼4) ∈ ℝ4|0 ≤ 𝛼𝑖 ≤ 𝐶 ∀ 𝑖 𝑎𝑛𝑑 −𝛼1 − 𝛼2 + 𝛼3 + 𝛼4 = 0}.  We want to maximize 
𝐿𝐷(𝛼1, … ,𝛼4) on 𝐻.   

To find the maximum of 𝐿𝐷(𝛼1, … ,𝛼4) on 𝐻, we can use any computational software. 

It turns out that, for 𝐶 = 2, the maximum value of 𝐿𝐷 on 𝐻 is 6 and it occurs at (𝛼1, … ,𝛼4) = (2, 2, 2, 2). 

𝛽 = �𝛼𝑖𝑦𝑖𝑥𝑖

4

𝑖=1

 

⟹ 𝛽 = � 0
−2�. 

By complementary slackness, we have 𝛼𝑖�1 − 𝜀𝑖 − 𝑦𝑖(𝛽0 + 𝛽1𝑥𝑖1 + 𝛽2𝑥𝑖2)� = 0 ∀ 𝑖 = 1, … , 4 



This gives us a system of 4 equations and 5 unknowns 𝜀1, 𝜀2, 𝜀3, 𝜀4,𝛽0.  Solving this system gives 
𝜀1 = 2, 𝜀2 = 𝜀3 = 𝜀4 = 0, and 𝛽0 = 1. 

The equation of our hyperplane is given by 𝛽0 + 𝛽1𝑋1 + 𝛽2𝑋2 = 0. 

So we get  1 − 2𝑋2 = 0 

 ⟹ 𝑋2 = 1
2
 

Since 𝛼𝑖 > 0 for 𝑖 = 1, … , 4, we have that each 𝑥𝑖 satisfies 𝑦𝑖(𝛽0 + 𝛽1𝑥𝑖1 + 𝛽2𝑥𝑖2) = 1 − 𝜀𝑖.  Hence, 
𝑥1,𝑥2, 𝑥3,𝑥4 are all support vectors.  

b) For 𝐶 = 4, 𝐿𝐷 has an absolute max value of 10 and it occurs at (𝛼1, … ,𝛼4) = (4, 2, 3, 3). 

𝛽 = � 0
−2� ,𝛽0 = 1, 𝜀1 = 2, 𝜀2 = 𝜀3 = 𝜀4 = 0, and the hyperplane is 𝑋2 = 1

2
, the same result we got for 

𝐶 = 2. 

c) For 𝐶 = 1, 𝐿𝐷 has an absolute max value of 7
2
 and it occurs at  (𝛼1, … ,𝛼4) = (1, 1, 1, 1). 

𝛽 = � 0
−1�.  The complementary slackness equations 

 𝛼𝑖�1 − 𝜀𝑖 − 𝑦𝑖(𝛽0 + 𝛽1𝑥𝑖1 + 𝛽2𝑥𝑖2)� = 0 ∀ 𝑖 = 1, … , 4  

give us a system of 4 equations and 5 unknowns 𝜀1, 𝜀2, 𝜀3, 𝜀4,𝛽0.  This system has more than one 
solution.  One solution is  𝛽0 = 0, 𝜀1 = 1, 𝜀2 = 0, 𝜀3 = 1, 𝜀4 = 1.  The hyperplane is 𝑋2 = 0.  Another 
solution is  𝛽0 = 1, 𝜀1 = 2, 𝜀2 = 1, 𝜀3 = 0, 𝜀4 = 0.  The hyperplane is 𝑋2 = 1. 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



2. Our convex optimization problem takes the form: 
     𝑓(𝛽0,𝛽1,𝛽2, 𝜀1, 𝜀2, 𝜀3, 𝜀4, 𝜀5)(𝛽0,𝛽,𝜀)∈ℝ8

𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑒   given the constraint 

 𝑔𝑖(𝛽0,𝛽, 𝜀) ≤ 0  for 𝑖 = 1, 2, 3, 4, 5 

and ℎ𝑖(𝛽0,𝛽, 𝜀) ≤ 0 for 𝑖 = 1, 2, 3, 4, 5 

where (𝛽0,𝛽, 𝜀) = 1
2
‖𝛽‖2 + 𝐶 ∑ 𝜀𝑖5

𝑖=1  , 

  𝑔𝑖(𝛽0,𝛽, 𝜀) = 1 − 𝜀𝑖 − 𝑦𝑖(𝛽0 + 𝛽1𝑥𝑖1 + 𝛽2𝑥𝑖2)  for = 1, 2, 3, 4 , 5, 
 and ℎ𝑖(𝛽0,𝛽, 𝜀) = −𝜀𝑖 for 𝑖 = 1, 2, 3, 4, 5 
 
So  𝑔1 = 1 − 𝜀1 − (𝛽0 + 𝛽2) 

𝑔2 = 1 − 𝜀2 − (𝛽0 − 𝛽2) 
𝑔3 = 1 − 𝜀3 + (𝛽0) 
𝑔4 = 1 − 𝜀4 + (𝛽0 + 𝛽1 + 𝛽2) 
𝑔5 = 1 − 𝜀5 + (𝛽0 + 𝛽1 − 𝛽2) 
ℎ1 = −𝜀1 
ℎ2 = −𝜀2 
ℎ3 = −𝜀3 
ℎ4 = −𝜀4 
ℎ5 = −𝜀5 

The dual Lagrangian is given by 𝐿𝐷( 𝛼) = ∑ 𝛼𝑖5
𝑖=1 − 1

2
∑ ∑ 𝛼𝑖𝛼𝑗𝑦𝑖𝑦𝑗𝑥𝑖𝑇𝑥𝑗.5

𝑗=1
5
𝑖=1  

So 𝐿𝐷(𝑥,𝛼) = (𝛼1 + 𝛼2 + 𝛼3 + 𝛼4 + 𝛼5) − 1
2

[𝛼12 + 𝛼22 + 2𝛼42 + 2𝛼52 − 2𝛼1𝛼2 − 2𝛼1𝛼4 + 2𝛼1𝛼5 +
2𝛼2𝛼4 − 2𝛼2𝛼5] 

We want to maximize 𝐿𝐷(𝛼) subject to the constraints 0 ≤ 𝛼𝑖 ≤ 𝐶 ∀ 𝑖 and 𝛼1𝑦1 + 𝛼2𝑦2 + 𝛼3𝑦3 +
𝛼4𝑦4 + 𝛼5𝑦5 = 0.  That is, we need   0 ≤ 𝛼𝑖 ≤ 𝐶 ∀ 𝑖 and 𝛼1 + 𝛼2 − 𝛼3 − 𝛼4 − 𝛼5 = 0.  These 
constraints give us a five-dimensional plane in the positive box 0 ≤ 𝛼𝑖 ≤ 𝐶 ∀ 𝑖.   

Let 𝐻 = {(𝛼1, … ,𝛼4,𝛼5) ∈ ℝ5|0 ≤ 𝛼𝑖 ≤ 𝐶 ∀ 𝑖 𝑎𝑛𝑑  𝛼1 + 𝛼2 − 𝛼3 − 𝛼4 − 𝛼5 = 0}.  We want to 
maximize 𝐿𝐷(𝛼1, … ,𝛼4,𝛼5) on 𝐻.   

To find the maximum of 𝐿𝐷(𝛼1, … ,𝛼4,𝛼5) on 𝐻, we can use any computational software. 

It turns out that, for 𝐶 = 2, the maximum value of 𝐿𝐷 on 𝐻 is 6 and it occurs at (𝛼1, … ,𝛼4,𝛼5) =
(2, 2, 2, 1, 1). 

𝛽 = �𝛼𝑖𝑦𝑖𝑥𝑖

5

𝑖=1

 

⟹ 𝛽 = �−2
0 �. 



By complementary slackness, we have 𝛼𝑖�1 − 𝜀𝑖 − 𝑦𝑖(𝛽0 + 𝛽1𝑥𝑖1 + 𝛽2𝑥𝑖2)� = 0 ∀ 𝑖 = 1, … , 5 and 
𝜇𝑖𝜀𝑖 = 0 ∀ 𝑖. 

Since 𝛼4,𝛼5 ≠ 𝐶 and 𝛼𝑖 = 𝐶 − 𝜇𝑖 ∀ 𝑖, 𝜇4, 𝜇5 ≠ 0.  Thus, 𝜀4 = 𝜀5 = 0 since 𝜇𝑖𝜀𝑖 = 0 ∀ 𝑖. 

Using 𝛼𝑖�1 − 𝜀𝑖 − 𝑦𝑖(𝛽0 + 𝛽1𝑥𝑖1 + 𝛽2𝑥𝑖2)� = 0 ∀ 𝑖, we can solve for 𝛽0 and the remaining 𝜀’s.  We get 
𝛽0 = 1, 𝜀1 = 0, 𝜀2 = 0, 𝜀3 = 2, 𝜀4 = 0, 𝜀5 = 0. 

The equation of our hyperplane is given by 𝛽0 + 𝛽1𝑋1 + 𝛽2𝑋2 = 0. 

So we get  1 − 2𝑋1 = 0 

 ⟹ 𝑋1 = 1
2
 

Since 𝛼𝑖 > 0 for 𝑖 = 1, … , 5, we have that each 𝑥𝑖 satisfies 𝑦𝑖(𝛽0 + 𝛽1𝑥𝑖1 + 𝛽2𝑥𝑖2) = 1 − 𝜀𝑖.  Hence, 
𝑥1,𝑥2, 𝑥3,𝑥4,𝑥5 are all support vectors.  

b) For 𝐶 = 4, 𝐿𝐷 has an absolute max value of 10 and it occurs at (𝛼1, … ,𝛼5) = (4, 2, 4, 2, 0). 

𝛽 = �−2
0 � ,𝛽0 = 1, 𝜀1 = 0, 𝜀2 = 0, 𝜀3 = 2, 𝜀4 = 0, 𝜀5 = 0, and the hyperplane is 𝑋1 = 1

2
, the same result 

we got for 𝐶 = 2. 

c) For 𝐶 = 1, 𝐿𝐷 has an absolute max value of 7
2
 and it occurs at  (𝛼1, … ,𝛼5) = �1, 1, 1, 1

2
, 1
2
�. 

𝛽 = �−1
0 � ,𝛽0 = 0, 𝜀1 = 1, 𝜀2 = 1, 𝜀3 = 1, 𝜀4 = 0, 𝜀5 = 0, and the hyperplane is 𝑋1 = 0.  

 
 


