Solution Set: Support Vector Classifier

1. Our convex optimization problem takes the form:

(go’fj;fg’gﬁ? f(Bo, B1, B2, €1, €2, €3, €4) given the constraint

9i(Bo,B,e) <0 fori =1,2,3,4

and h;(By, B, ) <0fori=1,2,3,4
where (8, 8,€) = IBII> + C Xy & ,

9i(Bo,B,8) =1 — & —yi(Bo + P1xi1 + P2x;z) for=1,2,3,4,
and h;(By,B,€) = —¢; fori=1,2,3,4

So g1=1—¢+(Bo)
g2=1—-&+(Bo+p2)
gz =1—¢&—(Bo—PB1)
ga=1—¢&,—(Bo+ B1)

hy = —&
hy = —¢&
h; = —é&;
hy = —¢&4.

The dual Lagrangian is given by L, (@) = Y, a; —%

Xt eyl x.
SoLp(x,a) = (a; + a, + az + ay) —%[a% + a3 + ai — 2aza,)

We want to maximize Lp (@) subject to the constraints 0 < a; < C Viand ayy; + ay, + azys +
ayy, = 0. Thatis,weneed 0 <qa; < CViand —a; — a, + az + a4, = 0. These constraints give us a
four-dimensional plane in the positive box 0 < a; < C V i.

Let H = {(ay,..,ay) ER*|0< a; < CViand —a; — a, + az + a, = 0}. We want to maximize
Lp(ay,...,as)on H.

To find the maximum of Ly (a4, ..., a4) on H, we can use any computational software.

It turns out that, for C = 2, the maximum value of L, on H is 6 and it occurs at (a4, ..., a4) = (2,2,2,2).

4
B = Z a;YiXi
i=1

= b= [—2]'

By complementary slackness, we have ai(l —& —yi(Bo + P1xi1 + ,Bzxiz)) =0vi=1,..,4



This gives us a system of 4 equations and 5 unknowns &;, &5, &3, &4, - Solving this system gives
&g =2, =¢6=¢ =0,and 5, = 1.

The equation of our hyperplane is given by o + 1 X1 + B, X, = 0.
Soweget 1 —2X,=0
1
=4 Xz = 5

Since a; > 0 fori = 1, ..., 4, we have that each x; satisfies y; (S + B1xi1 + B2xiz) = 1 — ;. Hence,
X1, X5, X3, X, are all support vectors.

b) For C = 4, L, has an absolute max value of 10 and it occurs at (a4, ..., ay) = (4, 2,3, 3).

B
C

[_02] ,Bo=1,&6 = 2,6, = &5 = &, = 0, and the hyperplane is X, = %, the same result we got for
2.

c) For C =1, L has an absolute max value of% and it occurs at (aq,...,a4) = (1,1,1,1).

p= [_01] The complementary slackness equations

ai(1 =& = y;i(Bo + BiXis + BoXi2)) =0Vi=1,..,4

give us a system of 4 equations and 5 unknowns &4, €,, €3, &4, Bo- This system has more than one
solution. One solutionis B, =0,&g = 1,6, = 0,65 = 1,&, = 1. The hyperplane is X, = 0. Another
solutionis By =1,6g = 2,6, = 1,653 = 0,&4 = 0. The hyperplaneis X, = 1.



2. Our convex optimization problem takes the form:

(ﬁrorf;;r,lgrguzag f(Bo, 1, B2, €1, €2, €3, €4, €5) given the constraint
9i(Bo,B,e) <0 fori =1,2,3,4,5

and h;(By,B,¢) <0fori=1,2,3,4,5
where (8o, 8,€) = 5 IBI> + CXE, &,

9i(Bo,B,8) =1 — & —yi(Bo + P1xi1 + P2x;iz) for=1,2,3,4,5,
and h;(By, B, €) = —¢; fori =1,2,3,4,5

So g1=1—¢&—(Bo+p2)
g2=1—-&—(Bo—B2)
gz =1—¢&+(Bo)
ga=1—¢&,+(Bo+ B+ B2)
gs =1—¢&+(Bo+B1—B2)

hy = —¢&
h; = —¢&
h; = —é&;
hy = —¢&4
hs = —¢&;

The dual Lagrangian is given by Ly (@) = 25’:1 a; — %Zfﬂ 25'):1 aiajyiijiij.
SoLp(x,a) = (a; + ay + az + a, + as) — % [a? + a3 + 2a% + 2aZ — 2a,ay — 2a104 + 205 a5 +
20,0, — 20,a5]

We want to maximize Lp (@) subject to the constraints 0 < a; < CViand ayy; + ayy, + azys +
ayys + asys = 0. Thatis,weneed 0 < a; <CVianda; +a, —az; —a, —as = 0. These
constraints give us a five-dimensional plane in the positive box 0 < a; < C V i.

Let H = {(ay, ..., a4, a5) ER’|0 < a; < CViand a; + ay — az — as — as = 0}. We want to
maximize Lp (@4, ..., 04, @5) On H.

To find the maximum of Ly (a4, ..., a4, @5) on H, we can use any computational software.

It turns out that, for C = 2, the maximum value of L, on H is 6 and it occurs at (a4, ..., @y, A5) =
2,2,2,1,1).

5
B = Z a;yix;
i=1

= =[5}



By complementary slackness, we have ai(l —& —Yi(Bo + Pixip + ,Ble-z)) =0vi=1,..,5and
Hi& = oOvi.

Sinceay,as # Canda; = C — u; Vi, Ug, s # 0. Thus, g, = €5 = 0 since y;&; =0V i.

Using ai(l —& —vi(Bo + Bixix + ,Bzxiz)) = 0 V i, we can solve for 5, and the remaining &’s. We get
Bo = 1,81 = 0,82 = 0,83 = 2,84 = 0,85 = 0.

The equation of our hyperplane is given by ¢ + 1 X; + 5, X, = 0.
Soweget 1—-2X; =0
1
= X1 = E

Since a; > 0 fori = 1,..., 5, we have that each x; satisfies y; (8, + B1xi1 + B2xiz) = 1 — ;. Hence,
X1, X2, X3, X4, X5 are all support vectors.

b) For C = 4, L, has an absolute max value of 10 and it occurs at (a4, ..., ag) = (4, 2,4,2,0).

B = [_02] ,Bo=1,6 =06, =0,65 = 2,64 = 0,&5 = 0, and the hyperplaneis X; = %, the same result

we got for C = 2.

7 . 11
¢) For C = 1, Lp has an absolute max value ofz and it occurs at (a4, ...,as) = (1, 1, 1,5,5).

B = [_01],ﬁ0 =0, =1¢6,=1,6=1,¢ = 0,&5 = 0, and the hyperplane is X; = 0.



